Abstract. Let B3(n) denote the number of partition triples of n where each partition is 3-core. With the help of generating function manipulations, we find several infinite families of arithmetic identities and congruences for B3(n). Moreover, let ω(n) denote the number of representations of a nonnegative integer n in the form x with x1, x2, x3, y1, y2, y3 ∈ Z. We find three arithmetic relations between B3(n) and ω(n), such as ω(6n + 5) = 4B3(6n + 4).
Introduction
A partition of a positive integer n is any nonincreasing sequence of positive integers whose sum is n. For example, 7 = 4 + 2 + 1 and λ = {4, 2, 1} is a partition of 7. A partition λ of n is said to be a t-core if it has no hook numbers that are multiples of t. We denote by a t (n) the number of partitions of n that are t-cores. For convenience, we use the following notation (a; q) ∞ = ∞
n=1
(1 − aq n ), and f k = (q k ; q k ) ∞ .
From [11, Eq. (2.1)], the generating function of a t (n) is given by ∞ n=0 a t (n)q n = f t t f 1 .
In particular, for t = 3, we have A partition k-tuple (λ 1 , λ 2 , · · · , λ k ) of n is a k-tuple of partitions λ 1 , λ 2 , · · · , λ k such that the sum of all the parts equals n. For example, let λ 1 = {3, 1}, λ 2 = {1, 1}, λ 3 = {1}. Then (λ 1 , λ 2 , λ 3 ) is a partition triple of 7 since 3 + 1 + 1 + 1 + 1 = 7. A partition k-tuple of n with t-cores is a partition k-tuple (λ 1 , λ 2 , · · · , λ k ) of n where each λ i is t-core for i = 1, 2, · · · , k.
Let A t (n) (resp. B t (n)) denote the number of bipartitions (resp. partition triples) of n with t-cores. Then the generating functions for A t (n) and B t (n) are given by
respectively. In 1996, Granville and Ono [9] found that
where d r,3 (n) denote the number of divisors of n congruent to r modulo 3. Their proof is based on the theory of modular forms. Baruah and Berndt [3] showed that for any nonnegative integer n,
In 2009, Hirschhorn and Sellers [12] provided an elementary proof of (1.2) and as corollaries, they proved some arithmetic identities. For example, let p ≡ 2 (mod 3) be prime and let k be a positive even integer. Then, for all n ≥ 0,
Let u(n) denote the number of representations of a nonnegative integer n in the form x 2 + 3y 2 with x, y ∈ Z. By using Ramanujan's theta function identities, Baruah and Nath [4] proved that u(12n + 4) = 6a 3 (n). In 2014, Lin [13] discovered some arithmetic identities about A 3 (n). For example, he proved that A 3 (8n + 6) = 7A 3 (2n + 1). Let v(n) denote the number of representations of a nonnegative integer n in the form x 2 1 + x 2 2 + 3y 2 1 + 3y 2 2 with x 1 , x 2 , y 1 , y 2 ∈ Z. Lin showed that v(6n + 5) = 12A 3 (2n + 1).
(1.3) Again, Baruah and Nath [2] generalized (1.3) and established three infinite families of arithmetic identities involving A 3 (n). For example, for any integer k ≥ 1,
For more results and details about a 3 (n) and A 3 (n), see [1, 2, 3, 4, 12, 13] . Motivated by their work, we study the arithmetic properties of partition triples with 3-cores. By using some identities of q series, we prove some analogous results. We will show that B 3 (4n + 1) = 3B 3 (2n), B 3 (3n + 2) = 9B 3 (n), and
. From these relations we deduce three infinite families of arithmetic identities as well as some Ramanujan-type congruences involving B 3 (n). For example, we prove two infinite families of congruences for B 3 (n): for k ≥ 1 and all n ≥ 0,
Proof. For the proofs of (2.2)-(2.3), see [14, Eq. (3.75 ) and Eq. (3.38)]. The proofs of (2.4)-(2.5) can be found in [11] . For a proof of (2.6), see [14, Eq. (2.11)]. (2.7) follows by squaring both sides of (2.6).
Lemma 2.2. We have
Proof. For convenience, we introduce the following notation
Multiplying both sides of (2.
(2.10)
Note that
Substituting these expressions into (2.10) and simplifying, we know (2.10) is equivalent to
Hence (2.11) holds and we complete our proof of (2.8). From (2.2) and (2.3), we obtain that
Multiplying both sides by f 8 2 , we get
(2.14)
Applying (2.2), we obtain that
Substituting (2.14) and (2.15) into (2.8), we deduce that
Replacing q 2 by q and then multiplying both sides by
, we obtain (2.9).
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Theorem 2.1. For any integer k ≥ 1, we have
16)
Proof. Substituting (2.2) into (2.1), we obtain that
.
Extracting the terms involving q 2n and q 2n+1 , respectively, we get
By (2.9), we deduce that
Equating the coefficients of q 2n and q 2n+1 on both sides, respectively, we obtain
and B 3 (4n + 3) = 3B 3 (2n + 1) + 4B 3 (n). (2.21) We are now able to prove (2.16)-(2.17). Note that (2.20) and (2.21) are (2.16) and (2.17), respectively, for k = 1. Now we prove (2.16). Replacing n by 2n in (2.21), we have B 3 (8n + 3) = 3B 3 (4n + 1) + 4B 3 (2n). By (2.20), this implies B 3 (8n + 3) = 13B 3 (2n), which is (2.16) for k = 2. Now the proof of (2.16) follows by mathematical induction.
Next, replacing n by 2n + 1 in (2.21), we have B 3 (8n + 7) = 3B 3 (4n + 3) + 4B 3 (2n + 1).
Employing (2.21) in the above, we deduce that
which is (2.17) for k = 2. Now the proof of (2.17) can be completed by mathematical induction.
Corollary 2.1. For any integer k ≥ 1, we have
Recall that the general Ramanujan's theta function f (a, b) is defined by
As some special cases, we have (see [6] , for example)
where
Proof. By Jacobi's identity (see [6, Theorem 1.3 .9]), we have
≡ 0 (mod 3) if and only if n ≡ 0 (mod 3) or n ≡ 2 (mod 3). And n(n+1) 2 ≡ 1 (mod 3) if and only if n ≡ 1 (mod 3). Hence we have the following 3-dissection identity (q; q)
We have
Replacing q 3 by q, we obtain
From [10] we know that
From [6, Theorem 3.7.9] we have
Hence (2.26) is proved. Again, we have
Dividing both sides by q and replacing q 3 by q, we deduce that
Lemma 2.4. We have
Proof. Let ω = e 2πi/3 . On the one hand, by Lemma 2.3, we have
On the other hand, by definition we have
Hence we deduce that
Replacing q 3 by q we obtain (2.27). By (2.25) we have
where the last equality follows from (2.27).
Theorem 2.2. We have 
Extracting the terms involving q 3n , q 3n+1 and q 3n+2 , respectively, we get the desired results.
Proof. From (2.1) and (2.31) we deduce that
This proves the theorem for k = 1. Replacing n by 3n + 2 in (2.33), we deduce that
which proves the theorem for k = 2. The theorem now follows by induction on k.
Corollary 2.2. For any integer k ≥ 1, we have
Proof. The first congruence follows immediately from Theorem 2.3. By (2.31), we know that B 3 (3n + 1) ≡ 0 (mod 3), and this proves the second congruence for k = 1. For k ≥ 2, by Theorem 2.3, we have The theorem now follows by comparing the coefficients of q 5n+r (r ∈ {1, 4}) on both sides of the above identity.
Theorem 2.6. Let ω(n) denote the number of representations of a nonnegative integer n in the form x 2 1 + x 2 2 + x 2 3 + 3y 2 1 + 3y 2 2 + 3y 2 3 with x 1 , x 2 , x 3 , y 1 , y 2 , y 3 ∈ Z. Then ω(6n + 5) = 4B 3 (6n + 4).
